Contrary to classical predictions, the optical response of few-nm plasmonic particles depends on particle size due to effects such as nonlocality and electron spill-out.
ensembles. [19] [20] [21] [22] [23] In the latter case, nonlocal effects 17, 24 and the concomitant inhomogeneous broadening can prove important for the interpretation of ensemble measurements. Ensemble averaging effects have been theoretically explored for exciton systems, 25 and for large-NP plasmonic collections dominated by retardation-driven redshifts, 26 but related studies in nonlocal plasmonics are still missing. The unambiguous observation of size-dependent resonance shifts in single-particle spectroscopy [15] [16] [17] 27 encourages therefore to explore broadening phenomena related to size distribution: What is the robustness of plasmonic nonlocal effects when subject to ensemble averaging?
The effect of ensemble spectral averaging on the far-field response of nonlocal plasmonic NP collections is studied here theoretically, starting with the ideal case of a normal distribution of free-electron, Drude-like nanospheres. Complexity is subsequently increased by considering more realistic distributions, resembling experimental histograms, of noble-metal NPs, for which additional loss mechanisms like interband transitions and electron quantum confinement are important (the latter affects Drude NPs as well). Through detailed simulations within the framework of Mie theory and its appropriate extensions, 13, 24, 28, 29 we show that ensemble averaging can have significant implications in more ideal cases, but becomes practically negligible in noble-metal plasmonics, which is dominated by homogeneous broadening. Our findings are therefore expected to provide additional flexibility to the design and analysis of experiments on the nanoscale: On the one hand, analyzing the far-field response of a NP collection on the basis of the ensemble mean size is proven sufficient for the purposes of most experimental studies. On the other hand, nonlocal effects are not concealed by single-NP losses in large ensembles, thus allowing to connect with single-particle electron-energy-loss studies.
15,17
We first revisit the optical response of a small metallic nanosphere, embedded in air for simplicity. Out study is based on Mie theory 13 and its appropriate extension for nonlocal effects (see Supporting Information). [30] [31] [32] The metal is described as a free-electron plasma with transverse (ε t ) and longitudinal (ε l ) dielectric function components given by the frequency-(ω) and wavevector-(q) dependent Drude 13 and hydrodynamic 33,34 models, respectively
where ω p is the plasma frequency of the metal, ε ∞ is the background contribution of bound electrons and ions, γ is the damping rate, and β the hydrodynamic parameter. 34 We take ε ∞ = 1 and γ = 0.01ω p to focus on the role of free electrons and ensure low loss (associated with homogeneous broadening). We further assume β = 3/5v F as obtained within the The size dependence of the frequency of the first (dipolar) plasmonic mode sustained by such a metallic nanosphere of radius R is plotted in Figure 1a as obtained within the LRA (ω LRA , red line) and HDM (ω HDM , blue line) models. To make our results scalable for different materials, ω and R are normalized to the plasma frequency and wavelength, ω p and λ p = 2πc/ω p respectively. For a better illustration of the sizes and energies usually encountered, the corresponding plasmon energy (NP radius) is provided at the top (right) axis, assuming a typical value ω p = 9 eV. 34 For very small NP sizes, LRA reproduces the quasistatic result, ω LRA = ω p / √ 3 (vertical dashed line in Figure 1a ). For larger sizes, retardation causes the modes to drastically redshift and become wider, as also observed in the normalized extinction (σ ext ) spectra of Figure 1b (red lines corresponding to different NP sizes within LRA). Higher-order modes will not concern us here, and the quadrupolar plasmon peak of the largest sphere in Figure 1b is only shown by thin dotted lines. The small-size modal frequency saturation predicted by LRA gives place to a continuous blueshift when the metal nonlocal response is taken into account. Comparison between LRA and HDM (blue lines in Figure 1b) immediately shows that the frequency shifts become larger as the NP size decreases, but no additional resonance broadening due to nonlocality is observed.
A significantly different behavior is expected in a statistical ensemble of small particles, where the strongly blueshifting modes of single NPs will overlap in a sequential manner, leading to important line broadening possibly even for narrow size distributions, in analogy to the effect of retardation on large NPs. 26 At this point we should also note that for the type of Drude metal described here, more detailed theories based on atomistic ab initio calculations predict frequency redshifts of similar magnitude, instead of blueshifts, due to electron spill-out. 10, [35] [36] [37] Indeed redshifts are measured for simple metals such as sodium.
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Yet in real noble metals such as silver and gold, the spill-out is less extended and the measured size-dependent blueshifts are well reproduced by HDM. An exact description of a specific material is beyond the scope of this paper, and simple nonlocal models should suffice for the study of ensemble averaging, regardless of the direction and origin of modal shifts.
Ensemble spectral averaging is at a first step investigated by considering a collection of N =1000 of the NPs described above, with a mean diameter 2 R /λ p = 0.031 (corresponding one assumes in practice when disregarding ensemble averaging. We also note that, while the distributions of Figure 2 are continuous functions, discrete size steps are taken in the simulations, small enough to achieve convergence of the averaged spectra. Apart from the LRA and HDM models, we also discuss calculations based on the commonly employed local SDD model 38 and the GNOR theory. 24 Within SDD, the damping parameter γ becomes size dependent, γ → γ + Av F /R, to effectively take into account the experimentally observed single-NP damping. 29 The constant A, usually taken equal to 1 (as we do here) although a large range of values can be found in literature, is introduced to phenomenologically describe the reduction of the free-electron path length and to account to some extent for quantum-size corrections in very small NPs. 19, [38] [39] [40] [41] On the other hand, GNOR reproduces size-dependent damping in a more physical way, by taking electron diffusion into account as a measure of a variety of electron-scattering effects, including Landau damping due to generation of electron-hole pairs. 42 In practice one replaces β 2 in eq 1 with
The strength of GNOR is that, for arbitrarily shaped plasmonic NPs, it reproduces both the size-dependent blueshifts and the damping of plasmon modes by a simple correction in the dynamics of the free-electron fluid of HDM, whereas SDD models only capture the damping effects.
With these models at hand, we study in Figure damping mechanisms, it is crucial to take such effects into account. In view of the previous discussion, this is straightforward within GNOR (green spectra in Figure 2 ). The differences between single-NP and ensemble response are now smoothened, leading to smaller additional modal shifts and almost negligible line broadening due to size inhomogeneity: the spectral width is mainly due to single-particle nonlocal broadening.
The important result of negligible effect of spectral averaging when single-NP sizedependent damping is taken into account may be appealing, but its validity was displayed only for ideal Drude metals and for normal size distributions. In order to connect with more practical, experimentally feasible situations, it is therefore important to carry out similar statistical studies for more realistic distributions in noble metals. We consider a collection of N =1000 silver NPs, described by the experimental dielectric function (ε exp ) of Johnson and Christy, 43 following the size distribution shown by the histogram of the inset of Figure 3 . In order to apply the HDM, SDD and GNOR models, we obtain ε ∞ in eq 1 from the experimental values by subtracting the Drude part:
eV and γ = 0.025 eV, values which describe bulk silver excellently. For SDD and GNOR we further assume A = 1 and
The calculated spectra of Having considered situations where inhomogeneous broadening can be either strong or negligible, a simple way to decide on its importance without resorting to detailed simulations is desirable. To this end, we develop an analytical model which describes inhomogeneous broadening in terms of just the first two negative-order (or, with some further approximations, positive-order) moments of any NP-size distribution function. In practice, with a simple experimental size histogram at hand, one should be immediately able to tell whether the spectra are affected by inhomogeneous broadening. We begin by considering the dipole resonance in a single metallic NP, neglecting homogeneous broadening for the moment. Such a resonance can then be described by a spectral fuction F (ω, R) δ(ω − ω LRA − η/R), where η(∝ β in our case) gives the strength of the leading-order 1/R correction associated with nonlocal response. 32 In an ensemble of non-interacting particles characterized by a size distribution P (R), the ensemble-averaged spectral function will be F (ω) = dR F (ω, R)P (R).
Our aim is to express the ensemble-averaged optical properties, such as the resonance frequency ω , with the aid of the nth-order statistical moments of the particle ensemble,
The homogeneous delta-function line shape allows to express the nth-order spectral moment ω n = dω ω n F (ω) directly in terms of moments of the particle-size distribution,
It is then straightforward to derive expressions for ω and the inhomogeneous broadening width, ∆ω inhom = ω 2 − ω 2 , through the statistical moments of the particlesize distribution. As a key result, which allows to estimate the inhomogeneous broadening only in terms of the first two statistical moments of P (R) and the nonlocal blueshift
The first equality relates to the first and second negative-order moments of P (R), which are quite unusual ways of characterizing a particle-size distribution -in most other contexts the positive-order moments (such as the mean value and variance) are the ones of interest.
In the Supporting Information we demonstrate the link between negative-and positive-order moments to obtain the second approximate identity in eq (3), which links directly to the relative particle-size fluctuation ∆R/ R . This result holds for any description beyond classical electrodynamics that gives a 1/R leading-order blueshift of the LRA resonance frequency. Most imporantly, it does not change if we replace η with −η to describe a corresponding 1/R redshift, so that our findings can be easily generalized to include other nonclassical effects, as anticipated above.
To test the validity of eq 3, it is used to evaluate ∆ω inhom for certain distribution shapes and widths, assuming for simplicity η = β. The result is then compared to the full-width-halfmaximum (FWHM) of the (averaged) plasmon peak calculated in each case by simulations performed for an ideal free-electron metal within HDM, with β = 3/5v F and γ = 0.01ω p .
As long as eq 3 holds, for different widths of the distribution, ∆ω inhom is expected to follow a linear relation with FWHM. In 
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Supporting Information Derivation of eq 3
In the main text we have defined the inhomogeneous broadening width as
From eq (2) the first-and second-order moments of ω are
and
respectively. Then
In the above we have taken into account that (naturally) ω LRA = ω LRA and η = η. Using
, it is then straightforward to arrive to eq (3).
Statistical moments: Relating negative to positive moments
For a narrow distribution function P (R), without significant small-and large-particle tails, the negative-order moments appearing in the first equality of eq. (3) can be expressed in terms of the more common positive-order moments, to give the approximate result on the right-hand side of eq. (3). This challenge is illustrated in Figure 5 .
For the first negative-order moment, R −1 can be expressed as a Taylor series expanded around the average of the distribution, R 0 = R :
and then the moment R −1 can be calculated with:
In this expression, R −1 and the Taylor expansion go to infinity when R = 0, which may cause the integral to diverge. It must therefore be required that P (R) = 0 for R ≤ 0, which occurs of course for any realistic function P (R). Furthermore, the summation is performed over infinite terms, and there is no immediate reason to truncate it. In fact, if R > 2R 0 each subsequent term in the sum, n + 1, will be larger than the previous, n, and of opposite sign.
To be able to truncate this series, we must ensure that each n + 1 term is smaller than the previous one, and this is ensured by requiring that P (R) = 0 for R ≥ 2R 0 .
We can now derive an approximate result for R −1 . By including the first three terms of the series we get 1 R
which implies that
and consequently (neglecting high-order terms)
Likewise, for the second negative moment we Taylor expand 1/R 2 around R 0 , to get
which in turn implies that
Then, for the size fluctuations we have
and thus
Uniform distribution
As a particular example that can be treated analytically, we consider a uniform distribution function
where θ(x) is the Heaviside function. By construction, P (R) is normalized and with a mean
(δR) 2 . The requirement that all radii in the distribution are positive gives a bound on its parameters, namely that R 0 ≥ δR/2. For the first negative-order moment we get
with
Similarly, for the second-order negative moment we get
In this way we can directly calculate
Returning to eq 16 we indeed find the same result. In a similar way, for the case of the triangular and normal distribution that concern us in the main text, the result is Triangular:
Normal:
where σ is the standard deviation of the normal distribution. Note that the normal distribution is truncated, limited in the region R = 0 − 2R 0 .
Nonlocal Mie theory
Here we summarize the fully-retarded Mie theory for a spherical plasmonic particle treated within HDM. The multipolar response of a sphere including nonlocal effects was determined by Ruppin 28, 30 by extending Mie theory 13 to take into account excitation of longitudinal waves. In the framework of Mie theory, the extinction cross section of a sphere of radius R embedded in a homogeneous host medium is given by
where denotes the angular momentum and q h is the wavenumber in the host medium, which is described by a dielectric function ε h . Assuming that the magnetic permeabilities, both in the sphere and in the host medium are equal to 1, the nonlocal Mie scattering coefficients are 28,30-32
where j (x) and h + (x) are the spherical Bessel function and Hankel function of the first type, respectively, while x h = q h R and x t = q t R. Here q t is the (transverse) wavenumber inside a sphere described by a transverse dielectric function ε t . The nonlocal correction ∆ to the Mie coefficients is given as
where x l = q l R and q l is the longitudinal wavenumber in the sphere, associated with the longitudinal dielectric function ε l , which is frequency-and wavevector-dependent. The dispersion of longitudinal waves is given by ε l (ω, q) = 0. In the limiting case where ∆ = 0 we retrieve the local result of standard Mie theory. All our numerical results in the main text have been obtained from numerical evaluations of eq (25) . Figure 1 : (a) Normalized frequency (ω/ω p ) position of the dipolar plasmonic peak of a spherical NP described by the Drude model of eq 1 in air, as a function of its normalized radius R/λ p , obtained within the LRA (red line) and HDM (blue line) models. The black dashed line displays the prediction of the quasistatic approximation, ω p / √ 3. The corresponding energy in eV and radius in nm are given at the top and right axis respectively, assuming a plasmon energy ω p = 9 eV. (b) Extinction cross section (σ ext ) spectra (normalized to the geometrical cross section πR 2 ) for the NP of (a), for three radii, R/λ p = 0.145, R/λ p = 0.051, and R/λ p = 0.007 (from left to right) within the LRA (red lines) and HDM (blue lines) models. For ω p = 9 eV these radii correspond to 20, 7, and 1 nm, respectively. The quadrupolar mode of the largest NP is depicted by thin dotted lines. 
